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ON HAMILTONIAN FLOWS ON EULER-TYPE
EQUATIONS
A.V.KISELEV
Abstract. Properties of Hamiltonian symmetry flows on hyper-
bolic Euler-type Liouvillean equations E ′
EL
are analyzed. Descrip-
tion of their Noether symmetries assigned to the integrals for these
equations is obtained. The integrals provide Miura transformations
from E ′
EL
to the multi-component wave equations E . By using
these substitutions, we generate an infinite-Hamiltonian commu-
tative subalgebra A of local Noether symmetry flows on E prolif-
erated by weakly nonlocal recursion operators. We demonstrate
that the correlation between the Magri schemes for A and for the
induced “modified” Hamiltonian flows B ⊂ sym E ′
EL
is such that
these properties are transferred to B and the recursions for E ′
EL
are factorized. Two examples associated with the 2D Toda lattice
are considered.
Introduction. In this paper, we consider the problem of constructing
pairs of commutative hierarchies of Hamiltonian evolution equations
related by Miura-type transformations and identified with Lie sub-
algebras of the Noether symmetry algebras for Euler–Lagrange-type
systems. By using two standard schemes ([3, 15, 16]), which are the
Miura substitutions defined by the integrals of Liouvillean hyperbolic
equations and construction of the second Hamiltonian structure by a
Miura transformation, we restrict the exposition to the class of the
Euler–Lagrange Liouvillean hyperbolic systems E ′EL. We obtain an ex-
plicit description of their Noether symmetries assigned to the integrals
for E ′EL; these flows are Hamiltonian w.r.t. the (first) structures derived
from the Lagrangians. Then we analyze the properties of the Magri
schemes for two hierarchies: A, which is composed by symmetries of
the wave equation, and B ⊂ sym E ′EL, correlated by the Miura maps.
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Two examples are discussed. First, we relate the Korteweg–de Vries
equation
st1 = −β sxxx +
3
2
s2x, wt1 = −β wxxx + 3wwx, w = sx, β = const,
(1)
and multi-component modified KdV equations (see [14]) with the wave
equation and the two-dimensional Toda lattice (2DTL, in particular,
associated with a semisimple Lie algebra, see [4]), respectively, and
factorize the Lenard recursion operator for Eq. (1) to a product of two
vector-valued operators. Second, we demonstrate that the Boussinesq
equation ([9]){
ut1 =
1
3
vxxx +
4
3
v2x
vt1 = ux
{
Ut1 = Vx
Vt1 =
1
3
Uxxx +
8
3
UUx
{
U = vx
V = ux
(2)
and the modified Boussinesq equations ([6]), as well as the Hamiltonian
structures for their local commutative hierarchies, are obtained from
the geometry of the ambient wave and 2DTL equations, respectively.
The relationship between the Hamiltonian and Lagrangian approaches
towards integrable evolution equations was discussed in [17], where La-
grangian representations were derived by using the Legendre transform
from the sequence of Hamiltonian functionals for an evolution equation
at hand. Therefore, that concept was closed w.r.t. evolutionary systems
and the Miura-type transformations between them, whichever repre-
sentation it might be. Our approach is opposite to [17]. Indeed, we
interpret (bi-)Hamiltonian hierarchies of evolution equations as flows
defined by subalgebras of the Noether symmetry algebras for ambient
hyperbolic Euler-type systems (see also [9]). By using the canonical
variables for the Euler-type systems and treating the differential con-
straint between coordinates u and momenta m as the rule that defines
the Clebsch potentials, we establish the relation between the potential
and nonpotential components of the hierarchies that describe the evo-
lution of coordinates and momenta, respectively. The adjoint lineariza-
tion (ℓu
m
)∗ of this constraint defines the first Hamiltonian structures for
these hierarchies such that their Magri schemes are correlated; the sec-
ond Hamiltonian structures obtained from the Miura transformations
supply the recursion operators both for the evolutionary hierarchies
and the ambient Euler-type systems.
The paper is organized as follows. In Sec. 1, we relate the differen-
tial constraint between coordinates and momenta for hyperbolic Euler
equations with the Hamiltonian operators for their Noether symmetry
algebras. Then we consider substitutions from Euler-type Liouvillean
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equations E ′EL generated by their integrals; in this case, the Miura trans-
formation to a subalgebra A of the Noether symmetries of the Euler
wave equation E generates the second Hamiltonian structure on A.
Thus we obtain the pair A, B of sequences of Hamiltonian flows on E
and E ′EL, respectively, which are correlated by the Miura map. Then
we discuss properties of the flows within A and B and the correspond-
ing recursions. Finally, we demonstrate which of these properties for A
such as the locality, commutativity, (bi-)Hamiltonianity, etc., are trans-
ferred to B.
In Sec. 2, we recall necessary facts about geometry of the 2DTL
uxy = exp(Ku); all notions and notation follow [1]. We consider the hi-
erarchy of KdV equation (1) and the sequence of multi-component ana-
logues ([14]) of the modified KdV equations associated with the 2DTL.
We obtain a factorization of the Lenard recursion operator for KdV to
a product of vector-valued operators; also, we prove that the higher
flows for the multi-component mKdV are local and pairwise commute.
In Sec. 3, we demonstrate that the hierarchy B of higher flows for
modified Boussinesq equation (8) is a local commutative subalgebra
of Noether symmetries of 2DTL (9) associated with the algebra sl3(C)
such that integrals (7) for Eq. (9) induce the second Hamiltonian struc-
ture (10) for Eq. (2); a factorization of the recursion operator for 2DTL
is obtained.
1. Hierarchies and Miura transformations
Consider a first-order Lagrangian L = [L(u, ux, uy; x, y) dx∧dy] with
the density L = −1
2
∑
i,j κ¯iju
i
xu
j
y +H(u; x, y), where κ¯ is a real, nonde-
generate, symmetric, constant (r×r)-matrix. Choose the variable y for
the “time” coordinate, leave x for the spatial coordinate, and denote
by mj = ∂L/∂u
j
y the jth conjugate coordinate (momentum) for the jth
dependent variable uj for any 1 ≤ j ≤ r:
m = −1
2
(κ¯ux)
∗. (3)
We claim that the adjoint inverse linearization D−1x ◦ κ¯
−1 of differential
constraint (3) between the coordinates and momenta is a Hamiltonian
structure for the hyperbolic Euler equation EEL = {Eu(L) = 0} it-
self and also for the algebra symL of Noether symmetries for EEL.
Consider the Legendre transform H dx ∧ dy = 〈m, ∂L/∂uy〉 − L and
hence assign the Hamiltonian H(u, m) = [H dx] to the Lagrangian L.
The hyperbolic Euler equation EEL is equivalent to the system uy =
1 · Em(H), my = −1 · Eu(H) that involves the canonical Hamilton-
ian structure
(
0 1
−1 0
)
. Owing to the relations 1
2
Em = κ¯
−1 ·D−1x · Eu,
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Eu =
1
2
Dx ◦ κ¯·Em, the dynamical equations are separated. Indeed, they
are evolutionary: uy = A1◦Eu
(
[H [u] dx]
)
, my = −
1
2
Aˆ1◦Em
(
[H [m] dx]
)
,
that is, they are obtained by using the pair of mutually inverse Hamil-
tonian operators A1 = κ¯
−1 ·D−1x and Aˆ1 = Dx · κ¯.
Consider a hyperbolic Euler equation EEL and suppose that it admits
a symmetry flow ut = φ(ux, uxx, . . .) ≡ φ[ux]; here t is a parameter
along the integral trajectories. Then the evolution mt of the momenta
is described by the nonpotential equation mt = −
1
2
κ¯ · Dx
(
tφ[m]
)
; see
Eq. (1) for an example of symmetry flows on the wave equation sxy = 0.
Lemma 1 ([5]). Let E = {uxy = f(u; x, y)} be a quasilinear hyperbolic
equation and H = H dx+· · · be its conservation law : dh(H) = ∇(uxy−
f). Then the generating section ψ ≡ ∇∗(1) of the conservation law H
is ψ = −Dx(Eu(H dx)).
By the Noether theorem ([8]), the Noether symmetries for self-adjoint
Euler systems EEL = {Eu(L) = 0} coincide with the generating sections
of their conservation laws; by [13], the correlation between the Noether
symmetries ϕL and the generating sections ψ for nonselfadjoint Euler
equations EEL ≃ {κ¯
−1 · Eu(L) = 0} with a unit symbol is ψ = κ¯ϕL.
Let φ be a Noether flow on an Euler-type hyperbolic system: ut =
1
2
Em(H), mt = −
1
2
Eu(H), where H = [H dx] and H is a conserved
density. Hence we have ut = κ¯
−1 · D−1x Eu(H), mt = −
1
2
Dx · κ¯Em(H),
i.e., both equations ut = φ and mt = −
1
2
κ¯Dx(
tφ) are Hamitonian
simultaneously and their Hamiltonian operators A1 and Aˆ1 are mu-
tually inverse (e.g., [10]). The induced evolution of momenta m can
be calculated in two distinct ways: by variation of the Hamiltonian,
mt = −Eu(H) = −(ℓ
u
m
)∗(Em(H)), or by using relation (3) explicitly:
mt = ℓ
u
m
(Em(H)). Two evolutions are correlated for hyperbolic Euler
equations since the condition (ℓu
m
)∗ = −ℓu
m
holds. Further, let R be a
recursion for the hyperbolic Euler equation EEL = {Eu(L) = 0} such
that R generates the sequence uti = φi[ux] composed by its commuting
Hamiltonian symmetries originating from some φ−1. The recursion R
is shared by all equations uti = φi; the operator R
∗ maps the velocities
mti of evolution of the momenta (see [12]).
From now on, we investigate a particular class of Liouvillean hyper-
bolic Euler equations ([3, 4, 7]) which admit nontrivial integrals, that
is, functionals w ∈ ker D¯y belonging to the kernel of the total deriva-
tive Dy restricted onto the equation E
′
EL at hand. Our reasonings hold
up to the involution x ↔ y if it is a symmetry of E ′EL, otherwise the
exposition admits the mirror copy with x and y replaced.
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Suppose that the integrals w[m¯] depend on the momenta m¯ for a Li-
ouvillean Euler-type equation. Then the equation itself and its symme-
try algebra are mapped by the Miura transformation m = w[m¯] to the
multi-component wave equation E and its symmetry algebra, respec-
tively. The number of components within the wave equation equals the
number of the integrals w involved in the Miura map. Also, two other
mappings are well defined: the covariant mapping w∗ : sym E
′
EL →
sym E of the symmetry flows (see Proposition 4 in [3]) and the con-
travariant mapping w∗ of the Hamiltonians H dx (and hence, of the
Hamiltonian flows). Indeed, by the transformation m = w[m¯], the vari-
ational derivatives w.r.t. the momenta m and the modified momenta m¯
are correlated by the rule Em¯ =  ◦Em, where  = (ℓ
m¯
m
)∗. Hence from
Lemma 1 we deduce
Proposition 1. The adjoint linearization  = (ℓm¯w)
∗ of the integrals w
for a Liouvillean Euler-type equation E ′EL = {Eu¯(L
′) = 0} w.r.t. its
momenta m¯ factors its Noether symmetries : ϕL′ = (Em(H[m])),
where H is arbitrary.
Examples are found in [13, 14]. Recently, the correlation between
the structure of generators of the symmetry algebra for Liouvillean
hyperbolic systems and their integrals was analyzed in [2].
Consider the substitution m = w[m¯] between an Euler-type Liou-
villean system E ′EL and the multi-component wave equation E . The
pair (w∗, w∗) generates the second Hamiltonian structure Aˆ2 for Noether
symmetries of the target equation E , see [16]. Namely, let A be a
sequence of Noether flows on E such that Hi[m] are the (Hamilton-
ian) conserved densities for the first structures ((ℓu
m
)∗)±1. Thence for
any Hamiltonian flow φi−1 = Em(Hi) on E we obtain the flow u¯ti =
ϕi = (φi−1) on E
′
EL. Now use the condition (ℓ
u
m
)∗ = −ℓu
m
, hence the
evolution of the modified momenta m¯ is well defined. The evolution
З(φi−1)(w) of the substitution w along the flow ϕi ∈ B is correlated
with the flow φi that succeeds φi−1 in A if the second Hamiltonian
structure Aˆ2 in A satisfies the operator equation
ℓm¯
m
◦ (ℓu¯
m¯
)∗ ◦ (ℓm¯
m
)∗ = Aˆ2; (4)
and conversely, the operator Aˆ2 defined in (4) is always a Hamiltonian
structure for A. In other words, Eq. (4) is the condition of reducibil-
ity of the structure Aˆ2 to the canonical form “d/dx”. Condition (4)
specifies the set of admissible Miura transformations w = w[m¯] and
modified Euler equations E ′EL for a given Aˆ2.
Remark 1. If Aˆ2 is compatible with Aˆ1, then A is commutative and
therefore the recursion R = (Aˆ2 ◦ Aˆ
−1
1 )
∗ for E is a recursion forA.
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Thence, the bi-Hamiltonian hierarchy A is infinite-Hamiltonian. Namely,
let ε = {ut = Aˆ1(ψ[u])} be a Hamiltonian equation and let R be a re-
cursion for ε; in our case, the operator R proliferates the commuting
symmetry flows on the wave equation E . Then ε is also Hamiltonian
w.r.t. the operators Aˆi = R
i−1Aˆ1 provided that they are skew-adjoint;
it is indeed so for Eq. (4). The proof is based on the following argu-
ment. By [12, 18], the relation ℓεA + Aℓ
∗
ε = 0 holds for Hamiltonian
operators A for ε; the converse is also true under regularity assump-
tions. Since R is a recursion for ε, we have ℓεR = Rℓε. Indeed, from
the operator equality ℓεR = R¯ℓε that holds for some R¯, we obtain
R¯ = R by commuting this equality with t. Therefore, the identity
ℓε(RA) + (RA)ℓ
∗
ε = 0 holds and thus the operator RA is also Hamil-
tonian. Now proceed by induction. These reasonings are rigorous for
those operators Aˆi which are differential (i.e., local w.r.t. Dx), other-
wise the above relations must be extended to a nonlocal setting. The
operators Aˆi are not always compatible; a pair of Hamiltonian differen-
tial operators may generate a nonlocal sequence A. Further, we discuss
the locality aspects in more details.
Consider the sequence B ⊂ sym E ′EL of Noether symmetries ϕi pro-
liferated by the recursion R′ = ◦A1◦
∗◦ℓu¯
m¯
such that the integrals w
define the Miura map B→ A to a bi-Hamiltonian sequence of Noether
symmetries of the multi-component wave equation E . The sequences A
and B share the Hamiltonians, and the second Hamiltonian structure
Aˆ2 for A is induced by the first Hamiltonian structure Bˆ1 = (ℓ
u¯
m¯
)∗ forB
according to the following diagram ([15]):
H0 H1 H2
Φ0
Eu
↓
←
Aˆ1
A1
→ φ0
Aˆ2
→
Em
→
Φ1
Eu
↓
←
Aˆ1
A1
→ φ1
Aˆ2
→
Em
→
Φ2
Eu
↓
←
Aˆ1
A1
→ φ2
Em
→
ϕ1

↓ Bˆ1
→←
B1
ψ1
ℓm¯m
↑
B2
→ ϕ2

↓ Bˆ1
→←
B1
ψ2
ℓm¯m
↑
B2
→ . . .

↓
H0
Eu¯
↑
Em¯
←
H1
Eu¯
↑
Em¯
←
(5)
The Magri schemes ([15]) for A and B and factorization (4), see [16],
of Aˆ2 are indeed standard. Now we see that the first Hamiltonian struc-
tures Aˆ1 and Bˆ1 originate from the Lagrangians for the ambient Euler-
type equations and the operator  is constructed by using the integrals
of the Liouvillean systems E ′EL.
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If the Hamiltonian operators Aˆ1 = (ℓ
u
m
)∗ and Aˆ2, see (4), are compat-
ible, then the functionals Hi[m] are in involution w.r.t. both structures,
the flows φi commute ([15]), and A is infinite-Hamiltonian by Remark 1.
We also have
Proposition 2. Let a recursion R for an evolution equation ε = {ut =
φ[u]} be constructed by using a single layer of Abelian nonlocal variables
(that is, expressions which are nonlocal w.r.t. the variables in ε and
which are produced by a set of conservation laws ηα for ε, see [1]).
Then R is weakly nonlocal: R = differential part +
∑
α ϕαD
−1
x ◦ ψα,
where ϕα ∈ sym ε and ψα is the generating section of the conservation
law ηα for any α.
The proof of Proposition 2 follows from the definitions; it is generalized
easily to the case of multiple layers of the Abelian nonlocal variables
defined by using (nonlocal) conservation laws. Hence we conclude that
the recursion R∗ : Φi 7→ Φi+1 for the hierarchy A is weakly nonlocal
owing to the factorization R∗ = Aˆ2 ◦ Aˆ
−1
1 and Eq. (4).
Proposition 3. If the operators Aˆ1 and Aˆ2 are compatible, then the
flows φi ∈ sym E are Noether.
Indeed, the homological formulation (e.g., [12]) of the Magri scheme and
the triviality ([11]) of the Poisson cohomologies w.r.t. the structure Aˆ1
guarantee the existence of the conservation laws Hi for E ; now refer
Lemma 1 and the Noether theorem ([8, 13]). We also conclude that A
is local in w.
Further, we demonstrate which of the above properties can be trans-
ferred on B. Obviously, A and B are local simultaneously. The re-
strictions of the mappings B2 : ψi 7→ ϕi+1 and Bˆ2 : ϕi 7→ ψi+1 onto
the functionals H [w] dx that depend on u¯ through the substitution
w = w[m¯] are Hamiltonian operators, and the functionals Hi[w[m¯]] are
in involution w.r.t. Bˆ2 since it is so for Aˆ3; from Remark 1 we see why
the Jacobi identity holds for the operators B2 and Bˆ2 if the Hamilto-
nians H depend on u¯ arbitrarily.
Proposition 4. Let the above notation and assumptions hold. If the
flows φi ∈ A commute and ker Aˆ2 = 0, then the sequence B is also
commutative.
Proof. By Proposition 1, every Noether symmetry of a Liouvillean
Euler hyperbolic equation E ′EL factors by the operator  (up to the
involution x ↔ y if it is a symmetry of E ′EL). The commutator of
two Noether symmetries (φ′), (φ′′) is a Noether symmetry again:
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{(φ′), (φ′′)} = (φ{1,2}), although the structure of φ{1,2} may con-
tain addends which are unusual w.r.t. the Jacobi bracket of φ′ and φ′′,
see Eq. (6) below. From Eq. (4) it follows thatЗ(φ{1,2})(w) = Aˆ2(φ{1,2}).
Hence if the operator Aˆ2 is injective, the hierarchy A is commutative,
and the sequence B is correlated with A by Eq. (4) and (5), then B is
commutative. 
From Proposition 4 it follows that the recursion R′ for E ′EL is shared
by all flows in B. By Proposition 2, the recursion operator (R′)∗ for
the nonpotential flows in B is weakly nonlocal.
In Sec. 2 and 3, we illustrate the scheme above by using the multi-
component modified KdV and modified Boussinesq hierarchies: First,
we reconstruct the potential counterparts of A treating the first Hamil-
tonian structures Aˆ1 as the adjoint linearizations of (3) and obtain the
ambient hyperbolic Euler equations by specifying their Lagrangians
(that is, the matrices κ¯ since the Hamiltonians are trivial). Then we
find the Liouvillean Euler-type equations E ′EL such that the modified
hierarchies B are composed by their symmetry flows and the Miura
transformation E ′EL 7→ E that maps B to A is defined by the integrals
of E ′EL. Finally, we transfer the commutativity on the local modified
Noether flows and factorize the weakly nonlocal recursions.
2. 2D Toda lattice and the KdV hierarchy
First, we recall some properties of the 2D Toda lattice (2DTL). Let
r ≥ 1 and suppose K = ‖kij‖ is an arbitrary real, constant, nonde-
generate (r × r)-matrix and ~a = t(a1, . . . , ar) is a vector such that
ai 6= 0 for 1 ≤ i ≤ r and the symmetry condition κij ≡ aikij = κji
holds for elements of the matrix κ = ‖κij‖. Then the matrix K is
symmetrizable; denote its inverse by K−1 = ‖kij‖. The r-component
two–dimensional Toda lattice associated with the nondegenerate sym-
metrizable matrix K is EToda = {uxy = exp(Ku)}. The density LToda
of its Lagrangian LToda is LToda = −
1
2
〈uy, κux〉 − 〈~a, exp(Ku)〉; de-
note by ϑ = κux the momenta obtained from (3). The component
w = 1
2
〈ux, κux〉 − 〈~a, uxx〉 of the energy–momentum tensor for EToda
vanishes w.r.t. the restriction D¯y of the total derivative Dy on EToda:
D¯y(w) = 0. The conformal weights ~∆ =
t(∆1, . . . , ∆r) of the fields
exp(u) are ∆i =
∑r
j=1 k
ij . Consider the case when w and its differential
consequences W are unique solutions which depend on the derivatives
of u to the equation D¯y(Ω) = 0; then we say that K is generic.
The Noether symmetries of EToda associated with a generic sym-
metrizable (r × r)-matrix K are ϕ = (Ew(H(x,W ) dx)) up to the
transformation x ↔ y ([13], see also [5]). Here the vector–valued,
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first–order differential operator  is  = (ℓϑw)
∗ = ux + ~∆ D¯x and H
is a smooth function. The operator RToda =  ◦ ℓs, where sx = w
and sxy = 0, is a nonlocal recursion operator for the algebra sym EToda
([13]).
Set φ−1 = 1 and generate three symmetry sequences for i ≥ 0:
ϕi = (φi−1) ∈ sym EToda, φi = RpKdV(φi−1) ∈ sym EpKdV, and Φi =
Зφi(w) ∈ sym EKdV, where the KdV equations are (1) and β ≡ 〈~a,
~∆〉.
The evolutions Φi and φi are elements of the local commutative bi–
Hamiltonian hierarchies for the (p)KdV equations wt1 = Φ1 and st1 =
φ1, respectively. The equation ut1 = ϕ1 = (φ0) is an r-component
analogue of the potential modified KdV equation, being a Noether sym-
metry of the Toda lattice EToda as well. Equation ut1 = ϕ1 is Hamil-
tonian w.r.t. the operator B1 = D
−1
x κ
−1. The r-component analogue
EmKdV = {ϑt1 = κDx(ϕ1)} of the modified KdV equation is Hamilton-
ian w.r.t. Bˆ1 = κDx. The integral w[ϑ] defines a Miura transformation
between the higher modified KdV equations and the hierarchy A of
Eq. (1). Indeed, relation (4) holds for the transformation w = w[ϑ]
and the Hamiltonian operator Aˆ2 = −βD
3
x +Dx ◦ w + w · Dx for the
KdV equation EKdV. Hence, the times ti of the evolutions uti = ϕi are
correlated with the times in the hierarchy A for EpKdV by this map, and
the four equations E(p)(m)KdV and their higher analogues as well share
the same set of the Hamiltonians Hi = [Hi dx].
Proposition 5 ([14]). The factorizations RToda =  ◦ ℓs and RpKdV =
ℓs ◦ hold for the recursions RToda : ϕi 7→ ϕi+1 and RpKdV : φi 7→ φi+1.
Every flow ϕk =  ◦ Ew(Hk−1) ∈ symLToda is a Noether symmetry
of the Toda equation, and ϕk is Hamiltonian w.r.t. the Hamiltonian
structure B1 = κ
−1 · D−1x and the Hamiltonian Hk−1 = [Hk−1 dx] for
the (k − 1)th higher KdV equation.
Proposition 6. The symmetries ϕk commute.
Proof. The KdV hierarchy A is commutative and local in sx = w. Let
ϕ′ =  (φ′(x,W )) and ϕ′′ =  (φ′′(x,W )), then the Jacobi bracket of
ϕ′ and ϕ′′ is {ϕ′, ϕ′′} =  (φ{1,2}(x, W )), where (see [3] for the scalar
case)
φ{1,2} = Зϕ′(φ
′′)−Зϕ′′(φ
′) + D¯x(φ
′)φ′′ − φ′ D¯x(φ
′′). (6)
We have [Зϕk1 , Зϕk2 ](w) = {Φk1 , Φk2} = 0. We also have ϕki =
(φki−1) and З{ϕk1 ,ϕk2}(w) = Aˆ2(φ{k1,k2}). Obviously, the Hamiltonian
operator Aˆ2 for KdV is injective. Therefore, φ{k1,k2} = 0 and {ϕk1,
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ϕk2} = (0) = 0. We also conclude that the operator RToda is a recur-
sion for the ith equation uti = ϕi within the commutative symmetry
subalgebra B, here i ≥ 0 is arbitrary. 
3. The Boussinesq hierarchy
The first Hamiltonian structure for the Boussinesq equation (2) is
Aˆ1 =
(
0 Dx
Dx 0
)
. Hence u, v such that U = vx, V = ux are the potentials
satisfying the potential Boussinesq equation, see Eq. (2). Further on,
we use the notation u = t(u, v) and U = t(U, V ). The Lagrangian
functional with the density LBous = −
1
2
uxvy −
1
2
vxuy for the ambient
two-component wave equation E = {vxy = 0, uxy = 0} is obtained
straighforwardly. A Miura transformation for Eq. (2) is given by the
formulas ([6])
U = a2+ab+b2+2ax+bx, V = −2a(b(a+b)+bx)−Dx(bx+ab+b
2)
(7)
such that the nonpotential modified Boussinesq equation is
at =
1
3
Dx(a
2−2ab−2b2−ax−2bx), bt =
1
3
Dx(−2a
2−2ab+b2+2ax+bx).
(8)
Equation (8) is Hamiltonian w.r.t. the Hamiltonian operator Bˆ1 =
−1
3
(
2 −1
−1 2
)
· Dx and the Casimir H0 = [V dx]. (We note that Bˆ1
contains the Cartan matrix Ksl3 of the algebra sl3(C), see [9]. Also,
recall that the second sequence of flows for Eq. (2) starts with the
Casimir H¯0 = [U dx]. Now we see that the integral constraints [U dx] =∫ +∞
−∞
vx dx = const, [V dx] =
∫ +∞
−∞
ux dx = const used in the inverse
scattering problem method are natural. Moreover, note that the Hamil-
tonians H0 and H¯0 define nonzero symmetry flows on Eq. (2), which
are the shifts of the potential variables u and v, respectively.) There-
fore, we introduce the potentials α, β such that a = 1
3
(2αx − βx),
b = 1
3
(−αx + 2βx) and denote α =
t(α, β) and a = t(a, b). The Hamil-
tonian flows uti−1 = φi−1 are mapped to the flows αti = ϕi = (φi−1)
by the operator
 = (ℓa
U
)∗ =
(
2a+ b− 2Dx −4ab− 2b
2 − 2bx + bDx
a+ 2b−Dx −2a
2 − 4ab+ 2Dx ◦ a−D
2
x + (a+ 2b)Dx)
)
.
The ambient Euler equation E ′EL is described by solving the equations
{ϕi ∈ sym E
′
EL}, i ≥ 0, w.r.t. the Hamiltonian H
′
EL; solving the first
two, we obtain H ′EL = c1 exp(β − α) + c2 exp(α) + c3 exp(−β), where
c1, c2, c3 ∈ R, and hence we get the 2DTL. The functionals U [a] are
integrals for E ′EL (hence it is Liouvillean) if c2 = 0. Thus we obtain the
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system
αxy = −c1 exp(β−α)−c3 exp(−β), βxy = c1 exp(β−α)−2c3 exp(−β),
(9)
which is transformed to the 2DTL ([9]) αxy = exp(Ksl3α) by a change
of variables. Recall that φi ∈ imEU and  = (ℓ
a
U
)∗. Therefore the
flows ϕi = (φi−1) are Noether symmetries of E
′
EL. Then the Miura
transformation U = U [a] and Eq. (4) provide the natural factorization
of the second Hamiltonian structure ([18])
Aˆ2 =


−2D3x + 2U Dx + Ux 3V Dx + 2Vx
3V Dx + Vx
2
3
D5x −
5
3
(U D3x +D
3
x ◦ U) +
+ UxxDx +Dx ◦ Uxx +
8
3
U Dx ◦ U


(10)
for Boussinesq equation (2). The initial terms of the Boussinesq hi-
erarchy and the correlated sequence of modified Boussinesq flows that
share the Hamiltonians Hi are shown in diagram (5). Here the Hamil-
tonian densities are H0 = V , H1 =
1
2
V 2 + 1
6
U2x +
2
9
U3, and H2 =
1
12
UxxVxx −
5
12
UUxxV −
5
16
U2xV +
5
36
U3V + 5
48
V 3, etc. From Proposi-
tion 4 we conclude that the elements ϕi of the sequence B of modi-
fied Boussinesq Noether flows on 2DTL (9) are local in a and pair-
wise commute. The proof is analogous to Proposition 6; we note
that the explicit formula, Eq. (6), for the bracket φ{ki,kj} is not used
and hence may be not known. Finally, we obtain the factorizations
RpmBous =  ◦ Aˆ
−1
1 ◦ 
∗ ◦ ℓα
a
and RmBous = ℓ
α
a
◦  ◦ Aˆ−11 ◦ 
∗ for the
recursion operators RpmBous = R
∗
mBous that proliferate higher modified
Boussinesq equations (8). By Proposition 2, the recursions for A andB
are weakly nonlocal.
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